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Let p be a prime number and a a rational integer. We prove that
the Galois group of the trinomial Xp + aX p−1 + a over the ﬁeld Q
of rational numbers is the full symmetric group as soon as it is
transitive, namely when a = ±1 or p ≡ 2 (mod 3).
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1. Introduction
Using the classiﬁcation of ﬁnite simple groups, W. Feit [6] drew up the list of groups susceptible
to be the Galois group of irreducible prime degree trinomials over the ﬁeld Q of rational numbers.
K. Komatsu [8,9] studied the Galois group G of an irreducible trinomial X p + aX + a over the ﬁeld Q
for a prime number p and a rational integer a. He showed that G is the full symmetric group Sp
if p divides a exactly once and a/p is a square. In [12] A. Movahhedi has shown that if p divides a
exactly once, then G is either Sp or the aﬃne group Aff(Fp), the Galois group G being Sp as soon as
a < 0 or ap ≡ 1 (mod p). Furthermore, when p does not divide a, then:
(1) G  Sp , if the discriminant of the trinomial is not a square,
(2) G is either the alternating group Ap or the projective special linear group PSL2(2e) otherwise.
This last case occurs only when p = 1+ 2e is a Fermat prime.
In the present paper we consider an irreducible trinomial X p + aX p−1 + a for an arbitrary rational
integer a ∈ Z and its Galois group G over Q. It is known [1] that when p > 5 the Galois group G is
solvable for only ﬁnitely many integers a. Here we show precisely that, for every prime p, this Galois
group G is the full symmetric group Sp as soon as it is transitive. This clariﬁes, in the special case
where s = p − 1, the structure of the Galois group of X p + aXs + a studied in [2].
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Xn + aXs + b has been studied under different hypotheses, in particular when the integers a and b
are coprime.
2. The discriminant
Fix a root α of the trinomial X p +aX p−1+a which we always assume to be irreducible over Q. Let
K := Q(α) be the ﬁeld obtained by adjoining the root α to the ﬁeld Q, and N be the normal closure
of K over Q. We consider the Galois group G of N over Q as a transitive group of permutations of
the roots of our trinomial.
The discriminant D of X p + aX p−1 + a is [16, Theorem 2]
D = (−1)(p−1)/2ap−1[pp + (p − 1)p−1ap−1].
We set δ := min(p, (p − 1)vp(a)) and b := a/pvp(a) , so that:
D = (−1)(p−1)/2bp−1p(p−1)vp(a)+δD0, (1)
with
D0 = pp−δ + (p − 1)p−1bp−1p(p−1)vp(a)−δ. (2)
When p = 3, the discriminant D being negative, the Galois group G is S3. So we will always assume
that p > 3. If a prime number  divides D0 to an odd power, then  divides the discriminant of the
number ﬁeld K exactly once [11, Theorem 2]. Accordingly, the inertia group of a prime divisor of N
above  is generated by a transposition [13, Lemma 5]. Now, any transitive permutation group of
prime degree containing a transposition is the full symmetric group [7]. Our strategy here consists in
showing that D0 is not a square. We discuss according to the value of δ.
First suppose δ = (p − 1)vp(a), i.e. vp(a)  1. If D0 is a square, there exists a positive integer s
such that:
D0 = pp−(p−1)vp(a) + (p − 1)p−1bp−1 = s2
which can be written as
pp−(p−1)vp(a) = s2 − t2,
where t is a positive integer coprime to ps and divisible by p − 1. Hence
(i) s − t = 1, and
(ii) s + t = pp−(p−1)vp(a)
leading to
2t = pp−(p−1)vp(a) − 1.
Dividing this last equality by p − 1 gives the following equality:
2t
p − 1 = 1+ p + · · · + p
(p−1)(1−vp(a))
between an even and an odd integer.
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D0 = 1+ (p − 1)p−1bp−1p(p−1)vp(a)−p .
Suppose that D0 is a square. Then there exists a positive integer s such that
s2 − 1 = (p − 1)p−1bp−1p(p−1)vp(a)−p .
As gcd(s− 1, s+ 1) = 2, any odd prime divisor of (p − 1)b divides either s− 1 or s+ 1. Hence we can
write (p− 1)b = 2λuv , where u and v are two odd coprime integers such that up−1 divides s+ 1 and
vp−1 divides s − 1. So we have
s + 1 = 2μup−1pβ and s − 1 = 2ν vp−1pγ (3)
for four non negative integers μ,ν,β and γ , with μ+ ν = (p − 1)λ and β + γ = (p − 1)vp(a) − p. In
fact by gcd(s − 1, s + 1) = 2 we also see that min(μ,ν) = 1 and min(β,γ ) = 0. Suppose γ = 0. Then
β > 0 so that s ≡ −1 (mod p), which implies that −2 ≡ 2ν (mod p), showing that ν = 1. Therefore
we have μ = 1. Accordingly
s + 1 = 2up−1pβ and s − 1 = 2ν vp−1
from which we deduce that
4 = 4up−1pβ − 2ν+1vp−1.
As ν + 1 = (p − 1)λ, the last equality yields 4 ≡ −1 (mod p), hence p = 5. As β , u and v are odd the
equality 1 = u45β − 24λ−2v4 implies the congruence 24λ−2 ≡ 4 (mod 8), hence λ = 1. This contradicts
the deﬁnition of λ as the 2-adic valuation of 4b. From this contradiction we infer that γ > 0 and
β = 0. Therefore the equalities (3) become
s + 1 = 2μup−1 and s − 1 = 2ν vp−1pγ .
If ν = 1, we have μ = (p − 1)λ − 1, so we simultaneously have 2(s + 1) ≡ 1 (mod p) and s − 1 ≡
0 (mod p). This is impossible as p > 3. Hence we necessarily have μ = 1 and
s + 1 = 2up−1 and s − 1 = 2ν vp−1pγ .
Now, it can be noticed that ν is the odd integer (p − 1)λ − 1. If we write ν = 2κ + 1, then the two
preceding equalities yield the following equation:
1 = up−1 − 22κ pγ vp−1. (4)
Our goal in the next section is to show that such an equation with p > 5 and γ > 0 ﬁxed has
no solution in integers u > 0, v > 0, κ  0. This will be done in the next section by descent on the
integer κ .
For p = 5 the above equation (4)
1 = u4 − 22κ5γ v4
B. Bensebaa et al. / Journal of Number Theory 129 (2009) 824–830 827has the following solution: u = 3, κ = 2 and v = γ = 1. We deal with the case where p = 5 appro-
priately. When p = 5, then κ = 2λ − 1 is odd and the following lemma shows that the only integer
solutions of (4) are the trivial ones.
Lemma 2.1. Let γ  1 be an integer and κ an odd positive integer. The equation
1 = u4 − 22κ5γ v4 (5)
has no integer solutions u, v with v = 0.
Proof. By removing the powers of 2 and 5 in v , we suppose that v is co-prime to 10. Since u is odd,
the 2-adic valuation of u2 + 1 is 1. Hence, we can write
u2 − 1 = 22κ−15δw4 and u2 + 1 = 2 · 5
t4,
where gcd(10,wt) = gcd(w, t) = 1, min(δ, 
) = 0, δ + 
 = γ .
Assume ﬁrst that δ = 0. Then u2 ≡ −1 (mod 5). By substituting in the ﬁrst equality we get −2 ≡
22κ−1 (mod 5), which is not the case since κ is odd.
If instead δ = γ  1, then the second equality will be reduced to the following Ljunggren’s equa-
tion
u2 + 1 = 2t4
whose positive integer solutions are known to be [3,10,15]:
(u, t) = (1,1) or (239,13).
Neither of these solutions of the equation u2 + 1 = 2t4 will work for the equality u2 − 1 =
22κ−15δw4. 
The above lemma shows that the Galois group over Q of any irreducible trinomial X5 + aX4 + a
(where a is any non zero rational integer) is the symmetric group S5.
3. Descent
Lemma 3.1. Let p > 5 be a prime number. The equation
1 = u p−12 − 22κ−1vp−1 (6)
has no integer solutions u, v, κ  1 such that p does not divide uv.
Proof. Suppose that u, v, κ  1 are integer solutions to Eq. (6), with gcd(p,uv) = 1. By removing the
powers of 2 in v , we suppose that v is odd. As p does not divide v , we have u
p−1
2 ≡ 1 (mod p),
hence u
p−1
2 ≡ −1 (mod p). Therefore we have 22κ−1 ≡ −2 (mod p), so that −1 is a square modulo
the prime p:
p ≡ 1 (mod 4).
Rewrite (6) in the following form:
22κ−1vp−1 = (u p−14 − 1)(u p−14 + 1).
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u
p−1
4 − 1 = 2μwp−1 and u p−14 + 1 = 2νt p−1,
where min(μ,ν) = 1 and v = wt . Since p does not divide wt , either u p−14 +1 or u p−14 −1 is congruent
to 2 modulo p. Hence u
p−1
4 is congruent to either 1 or 3 modulo p, contradicting the congruence
u
p−1
2 ≡ −1 (mod p) noticed above, since p > 5. 
Lemma 3.2. Let p > 3 be a prime number and γ  1 an integer. The equation
1 = u2 − pγ vp−1 (7)
has no integer solutions u, v with v odd.
Proof. Suppose that u, v are integer solutions to Eq. (7) with v odd. Increasing γ if necessary, we
suppose that p does not divide v . Rewrite (7) in the following form:
pγ vp−1 = (u − 1)(u + 1).
Hence
u − 1 = pδwp−1 and u + 1 = p
t p−1,
where min(δ, 
) = 0, δ + 
 = γ > 0 and v = wt . By substraction, we ﬁnd the equation
2 = p
t p−1 − pδwp−1.
As t p−1 ≡ wp−1 ≡ 1 (mod p), reducing modulo p leads to a contradiction in both possible cases
(either δ = 0 and 
 > 0, or 
 = 0 and δ > 0). 
We now have all the ingredients necessary to show the following:
Theorem 3.3. Let p be a prime number and a a rational integer. The Galois group of the trinomial X p +
aX p−1 + a over the ﬁeld Q of rational numbers is the full symmetric group as soon as it is transitive.
Proof. This has already been observed if p = 3 or if vp(a)  1. The case p = 5 is dealt with in
Lemma 2.1.
Let us now examine the case where p > 5 and vp(a) 2. We proceed by descent over κ of integer
solutions (u > 0, v > 0, κ  1) of Eq. (4). Suppose
1 = up−1 − 22κ pγ vp−1,
with γ > 0. Then p and u are coprime, and by a suitable modiﬁcation of the integers γ and v , we
can suppose that p and v are coprime. Rewrite (4) as
22κ pγ vp−1 = (u p−12 − 1)(u p−12 + 1).
We accordingly write
u
p−1
2 − 1 = 2μpδwp−1 and u p−12 + 1 = 2ν p
t p−1,
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) = 0, δ+
 = γ > 0. Obviously
μ is odd, so that the case where δ = 0 is impossible by Lemma 3.1. So we have
u
p−1
2 − 1 = 2μpγ wp−1 and u p−12 + 1 = 2νt p−1.
Further, if μ = 1, we have ν = 2κ − 1 and by subtraction we get
1 = 22κ−2t p−1 − pγ wp−1 = (2κ−1t p−12 )2 − pγ wp−1,
thus contradicting Lemma 3.2. Hence ν = 1:
u
p−1
2 − 1 = 22κ−1pγ wp−1 and u p−12 + 1 = 2t p−1.
Once again, by subtraction, we ﬁnally get
1 = t p−1 − 22(κ−1)pγ wp−1,
showing that (t,w, κ − 1) is also an integer solution of Eq. (4) ending the descent. Now Lemma 3.2
allows to conclude: Eq. (4) has no positive integer solutions. 
For a = 1, the trinomial X p + Xp−1 +1 can be reducible or irreducible according to the congruence
of p modulo 3. More precisely, when p ≡ 1 (mod 3) then X p + Xp−1 + 1 is irreducible (see [14]
where the reciprocal trinomial is studied) and when p ≡ 2 (mod 3) then obviously X2 + X +1 divides
Xp + Xp−1 + 1. The same trivially holds for X p − Xp−1 − 1. However, for every integer a = ±1, as we
are now going to explain, our trinomial X p +aX p−1 +a is always irreducible over Q. We are going to
do this in two steps.
(i) If a is not a pth power, then there exists a prime integer  such that p does not divide the
-adic valuation of a. Introduce a root α of X p + aX p−1 + a in an algebraic closure of the ﬁeld Q of
-adic numbers. Then in Q(α) the valuation of a is p times that of α. This shows that p divides the
ramiﬁcation index of Q(α)/Q leading to the irreducibility of X p + aX p−1 + a over Q .
(ii) If instead a = cp for a rational integer c, the irreducibility of X p +aX p−1+a = Xp +cp X p−1+cp
over Q is equivalent to that of the trinomial fc(X) = Xp + cp−1X + 1. If there exist in Q[X] two
monic polynomials g(X) and h(X) such that fc(X) = g(X)h(X), deg g  1 and degh  1, then they
have integer coeﬃcients, so that |g(0)| = |h(0)| = 1. Hence both factors g(X) and h(X) have, in the
ﬁeld C of complex numbers, at least one root of modulus not greater than 1. Therefore fc would have
at least two such roots. Observe that, as cp−1 > 2, the polynomial fc has no root of modulus 1.
Now, using the argument principle, we can evaluate the number N of roots of fc inside the unit
disk of the complex plane. More speciﬁcally, if C is the unit circle oriented counter-clockwise, we
have
N = 1
2iπ
∫
C
f ′c(z)
fc(z)
dz = 1
2iπ
∫
C
pzp + cp−1z
zp + cp−1z + 1
dz
z
,
so that
N = 1+ 1
2iπ
∫
C
(p − 1)zp − 1
zp + cp−1z + 1
dz
z
.
If z is on the contour C , then
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p − 1
zp + cp−1z + 1
∣∣∣∣ pcp−1 − 2 < 1,
so that |N − 1| < 1. We conclude that N = 1. This shows that fc is irreducible over Q.
The above discussion shows that the hypothesis about the transitivity of the Galois group G in
Theorem 3.3 is automatically veriﬁed whenever a = ±1 or p ≡ 1 (mod 3).
It is also worth noticing that by considering the reciprocal polynomial of X p + aX p−1 + a, The-
orem 3.3, together with the above discussion, yields the following: the Galois group over Q of the
trinomial X p + X + 1a is the full symmetric group Sp for every integer a 2.
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